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Abstract 

Restriction of functions from a reductive p-adic group G to its compact 
subgroups defines an operator on the Hochschild and cyclic homology of 
the Hecke algebra of G. We study the interaction of this operator with oth- 
ers coming from representation theory: Jacquet restriction, idempotents 
in the Bernstein centre, and characters of admissible representations. Our 
main results are extensions to higher-degree homology of commutation re- 
lations between these operators, which were previously known to hold in 
degree zero. 

Introduction 

Let G be a reductive p-adic group, and let G c denote the union of the compact 
subgroups of G. The operation of restricting functions from G to G c has inter- 
esting representation-theoretic and homological properties. Let us recall a few 
examples: 

(1) Deligne showed in [IS] that the characters of the supercuspidal representa- 
tions of G are supported in G c . (Strictly speaking, Deligne's result only implies 
this if G has compact centre; but this hypothesis is unnecessary, see point (6).) 

(2) Harish-Chandra's "Selberg principle" [20] implies that if e is a matrix co- 
efficient of a supercuspidal representation of G, then the orbital integral of e 
along any conjugacy class outside G c equals zero. 

(3) In the 1980s, Connes suggested, and Julg and Valette [22], [23] and Blanc 
and Brylinski [5] subsequently proved, the following "abstract Selberg princi- 
ple": if e is any idempotent matrix over the Hecke algebra TL(G), then the 
orbital integral of e along any conjugacy class outside G c equals zero. 

(4) Higson and Nistor [21] and Schneider [32] strengthen Blanc and Brylin- 
ski's result: the operator 1g c of restriction from G to G c , which acts on the 
Hochschild and cyclic homology of H(G), interacts with the maps B and S from 
the long exact sequence in cyclic homology according to the formulas BIg c = 
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and S1g c = S. These relations imply that 1g c acts as the identity on the 
periodic cyclic homology of H(G). On the other hand, there is a natural identi- 
fication of the image of 1q c with chamber homology, which is defined in terms of 
representations of the compact open subgroups of G. The ensuing isomorphism 
H£ hambcr (G) S HP*(%(G)) is an algebraic counterpart to the Baum-Connes 
conjecture for G; see [T] and [2J. 

(5) Clozel's proof of the Howe conjecture in [TJ] relies on a formula for the 
restriction of an admissible character from G to G c . 

(6) In [IB] , Dat applies Clozel's formula for 1q c to obtain a new proof of Blanc 
and Brylinski's abstract Selberg principle. In [T7], Dat generalises the above- 
cited result of Deligne, by showing that every idempotent in the Bernstein centre 
of G has support contained in G c . 

This paper continues the investigation of the "compact-restriction" operator 
1q c on Hochschild and cyclic homology. We interpret familiar objects from rep- 
resentation theory — Jacquet functors, characters, and the Bernstein centre — as 
maps between homology groups, and examine the interaction between these 
representation-theoretic maps and the compact-restriction operator. Our ulti- 
mate goal is to understand, at a homological level, the role played by induc- 
tion from compact subgroups in the representation theory of G. This theme 
is continued in ,13] and [T3]. The corresponding problem at the level of actual 
representations is a focal point of current research: see, for instance, [lOj and 
its offspring. 

In Section [TJ we show that the Hochschild and cyclic homology of a locally 
unital algebra A may be defined in terms of the category of finitely generated, 
projective A-modules; this generalises a result of McCarthy, who considered the 
case of unital A [55]. It follows that the homology of the Hecke algebra of a 
reductive p-adic group G has two natural descriptions: one in terms of functions 
on G, the other in terms of representations of G. 

Section [2] uses these two different points of view to define two families of 
operators on Hochschild and cyclic homology: one "geometric', the other "spec- 
tral". All of the operators considered in this section are based on well-known 
objects from representation theory and harmonic analysis, although as far as 
I know the importation of the Jacquet functors and characters into higher ho- 
mology is new. (But see Remark l3.5f 1) on a related construction of Nistor, and 
also Dat's work [15] on degree-zero homology.) 

Section [3] studies the relationships between the two families of operators: 
first in the very simple case where G is a torus, and then more generally. The 
main results are: 

Corollary 13.91 Compact restriction commutes with Jacquet restriction. In de- 
gree zero, this was observed by Dat [TTl Lemme 2.6], and is also related to 
Nistor's result [301 Lemma 6.3]. 

Proposition 13.121 Let M be a split maximal torus in a split reductive group 
G, and let 4"m denote the complex torus of unramified characters of M. The 



2 



"higher principal-series characters" HH*(7^(G)) —* f2*[WA/], which are maps 
from the Hochschild homology of H(G) to the space of regular differential forms 
on ^ ai, intertwine the compact-restriction operator 1q c with the projection 
onto the subspace of harmonic forms in 57* ['I'm]- 

Theorem l3.14l For G = SL2, the operator \q o commutes with the idempotents 
in the Bernstein centre of G, as operators on the Hochschild and cyclic homology 
of H(G). In degree zero, this has been proved by Dat for all reductive groups. 
We conjecture that the same holds in higher degree, for all G. 

Theorem 13. 151 For G = SL2, Clozel's formula [12] Proposition 1] is an equality 
of operators on Hochschild and cyclic homology. Dat points out in [17] that 
Clozel's formula can be viewed as an equality between operators in degree-zero 
Hochschild homology, for arbitrary reductive groups. We conjecture that the 
formula is also valid in higher homology for general G. 

This research was partially supported under NSF grant DMS-1101382, and 
by the Danish National Research Foundation (DNRF) through the Centre for 
Symmetry and Deformation. 

1 Cyclic homology of locally unital algebras 

Definition 1.1. An (associative, complex) algebra A is locally unital if for every 
finite subset S c A, there exists an idempotent e e A such that es = se = s for 
each s e S. A (left) module V over A is nondegenerate if V = AV. All modules 
over locally unital algebras will be assumed to be nondegenerate. 

Here is our main example: let G be a locally compact, totally disconnected 
topological group, and consider the Hecke algebra W{G) of complex-valued, 
locally constant, compactly supported functions on G. This is a locally unital 
algebra under convolution with respect to a chosen Haar measure. The category 
of nondegenerate %(G)-modules is naturally equivalent to the category Mod(G) 
of smooth representations of G: that is, those representations for which the 
isotropy group of each vector is open in G. See [31], for example, for details. 

The following approach to Hochschild and cyclic homology is well-suited to 
locally unital algebras. See [25J for details. 

Definition 1.2. A precyclic module is a collection C of complex vector spaces 
C n , n > 0, together with linear maps a\ : C n — » C n -\ (for i = 0, . . . ,n) and 
t : C n -» G„, satisfying 



didj = dj-idi (i < j) 




(1 < i s$ n) 
(i = 0) 



t 



.71+ 1 



= id : C, 



n 
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Given such an object C, we consider the following operators on each C n : 

7i—l n n 

&'= £(-1)^, e=l-{-l) n t, JV = 2(-1)"¥ 

i=0 i=0 i = 

These operators are assembled into a periodic first-quadrant bicomplex: 



N 



-V 



2 L-2 "* "* Is. 



N 



-b' 



Ci ^— Ci Ci Ci 



AT 



-6' 



"* <-^0 "* ^0 "* L-O ■ • • 

The homology HC*(C) of the total complex is called the cyclic homology of C. 
The homology HH*(C) of the total complex of the first two columns is called 
the Hochschild homology of C. We will be exclusively concerned with precyclic 
modules that are H-unital, meaning that the b' columns are contractible. In 
this case, HH*(C) is the homology of the first column of the bicomplex. 

The inclusion / of the first two columns into the bicomplex yields a short 
exact sequence of total complexes, and a long exact sequence in homology: 

. . . - HC„(C) ^ HC„_ 2 (C) ^> HH^C) - HC n _i(C) ^ . . . , 

It will be convenient to use the notation H*(C) to refer to this sequence, so 
that for example "(p : H#(C) — > H^C")" means that ip is a collection of maps 
between the Hochschild and the cyclic homology groups of C and C", compatible 
with the maps S, B and / in the respective long exact sequences. 

Example 1.3. Given an associative algebra A, one constructs a precyclic mod- 
ule C(A) by setting C n (A) = A®( n+1 \ the face maps di being multiplica- 
tion of adjacent tensor factors, and the cyclic map t being cyclic permutation. 
The Hochschild and cyclic homology groups of C(A) are denoted HH#(^4) and 
HC*(j4). If A is locally unital, then C(A) is f/-unital. In degree zero, one has 

HH (A) s HCo(A) s A/span{<z& - ba \ a,b e A}. 

The Hochschild homology of A may alternatively be described as a derived 
functor on the category of A-bimodules: see [26] , 

Example 1.4. When A = H(G), one may identify U{G)® {n+ ^ ^ H{G n+1 ) in 
the usual way. Explicit formulas for the maps di and t in this picture are given 
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in [5] . The description of Hochschild homology as a derived functor leads to an 
identification of HH*(%(G)) with H*(G, H(G)Ad), the (smooth) homology of G 
with coefficients in the adjoint representation: see [5J. 

Example 1.5. Let O(X) be the algebra of regular functions on a smooth, affine, 
complex algebraic variety X . The Hochschild-Kostant- Rosenberg theorem iden- 
tifies HH„(C(X)) with the space S1™[X] of regular, degree-n differential forms 
on X, in such a way that the map BI : HS n (0(X)) — > HH n+ i(0(X)) corre- 
sponds to the de Rham differential. The cyclic homology groups HC n (0(X)) 
may likewise be described in terms of (algebraic) de Rham theory; see |26j . 

Let A be a small category, such that each Horn-set is a vector space over 
C, and composition is bilinear. Following Mitchell [29, §17] and McCarthy 28, 
§2.1], we associate a precyclic module C(A) to A, as follows: 

Definition 1.6. C n (A) is the vector space 

Hom(A , Ax) <g) c Hom(yli, A 2 ) ®c ■ • • ®C Hom(A„, A ). 

(A ,...,A n )eA<>-+ 1 

The structure maps are defined by 



The associated Hochschild and cyclic homology groups will be denoted HH#(.A) 
and HC*(.A). As above, H H! (^4) denotes the SBI long exact sequence. 

McCarthy uses the notation HHJ(„4) and HC*(.A) for the groups we have 
defined above, reserving the undecorated HH* and HC* for a different con- 
struction. For the categories considered in this paper, the two definitions are 
equivalent (see [351 Corollary 3.3.4]). 

Example 1.7. Let A be a unital algebra, and let (*,A op ) be the category 
with one object *, having End(*) = A op (the algebra opposite to A). Then 
C(*, A° p ) = C(A), the standard precyclic module associated to A. 

Let Va denote the (exact) category of finitely generated, projective left 
modules over A. This category is not small, but it admits a small skeleton, 
and we define C{Va) in terms of such a skeleton. There is a covariant inclusion 
I : (*, A op ) —* Va, sending * to A, and a e A op to the endomorphism a' i— > a' a of 
A. McCarthy has shown that this inclusion induces isomorphisms in Hochschild 
and cyclic homology [28j Proposition 2.4.3]. 

We will extend McCarthy's result to locally unital algebras: 

Proposition 1.8. Let A be a locally unital algebra, and Va the category of 
finitely generated projective A-modules. There is an isomorphism H*(A) = 
H*(Va) in Hochschild and cyclic homology, compatible with SBI sequences. 




t(/ ® •••«>/») = /n®/o®'--®/n-l- 
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For the degree-zero homology of the Hecke algebra of a reductive p-adic group, 
this result was stated in |15) . 

Proof. If e, / e A are idempotents with e sg f (i.e., ef = fe = e), then there is an 
inclusion of algebras eAe '-* fAf. These inclusions assemble into a direct system 
over the directed set of idempotents in A, and A = limeAe. It follows that 
C(A) = \\mC(eAe) = lim C(*, eAe op ). This isomorphism passes to Hochschild 
and cyclic homology, and is compatible with SBI sequences. 

On the other hand, for each idempotent e e A we let Va,b denote the full 
subcategory of Va comprising those modules P which satisfy P = AeP. For 
e < /, there is an inclusion Va,& 'Pa,/- Each object in Va lies in Va,c for 
some e, and so C(Va) = limC('P A ,e)- This isomorphism passes to Hochschild 
and cyclic homology, and is compatible with SBI sequences. 

For each idempotent e, define a functor F e : (*, eAe op ) — » Va.c by set- 
ting F e (*) = Ae, and letting F e (a) e End^Ae) be the operator of right- 
multiplication by a, for each a e eAe. We will show that the maps F e induce an 
isomorphism between the directed systems !!*(*, eAe op ) and H*(PA,e)- 

To see that F e induces an isomorphism for each e, we write F e as the com- 
position 

{*,eAe° P )^V eA e^PA,e, 

where I is as in Example 11.71 and G(P) = Ae <S) e Ae P ■ McCarthy proved 
that I induces isomorphisms in homology. The functor G is an equivalence of 
categories: indeed, 

E : V A ,e V eAe 

furnishes an inverse. Thus F e induces an isomorphism in homology. 
It remains to show, for idempotents e /, that the diagram 

F 

H*(*,eAe°P) ^H*CP A , e ) 

/^/° p ) — H*(Vaj) 

commutes. We do this by constructing a special homotopy (as defined in [281 
Definition 2.3.2]) between the two compositions. 

Let (I, eAe° p ) be the category with two objects, and 1, with Hom(«,j) = 
eAe° p for each i and j, and with composition of morphisms given by multipli- 
cation in eAe° p . For each a e eAe, we write atj for the corresponding element 
of Hom(i,j). We consider the inclusion functors 

£i : (*,eAe op ) -> (1, eAe° p ), e t (*) = i, e,(a) = a M (i = 0,1, ae eAe). 

Now define a functor H : (X, eAe op ) Va,/ as follows. On objects, 11(0) := 
Af and H(l) := Ae. On morphisms, for each a e eAe we let M(aij) : M.(i) —* 



G 



H(j) be right-multiplication by a. The diagram 

(*, eAe°P) — 5-*- (I, eAe°P) (*, eAe°v) 

H F„ 



*,M/° P )' 



Pa,, 



commutes, and so H implements a special homotopy between the two composi- 
tions in 



(*,eAe op 



(*,,M/ op ) 



PfAf 



The induced diagram in homology therefore commutes, by [281 Proposition 
2.3.3]. 

Thus the maps F e assemble into an isomorphism 



H^A) ^limH*(*,eAe op ) 



limF. 



limH,(? Ae )sH,(? A ) 



□ 



For locally unital algebras A and B, each covariant functor Va — * 'Ps that 
is C-linear on Horn-spaces induces a map of cyclic modules C*(Va) —* C(Vb), 
and therefore a canonical map H#(A) —* H*(B). 

Examples 1.9. (1) Each homomorphism ip : A — » _B of locally unital algebras 
induces, on the one hand, a map C(A) — » C(B); and, on the other, a map 
C(Pa) ' C(V B )- The induced maps in homology are equal. 

(2) Let E be an A-B-bimodule, such that for each idempotent e e A, the right 
-B-module eE is finitely generated and projective. The contravariant functor 
Rom A (_,E) sends V A to V B °p- (We identify right ^-modules with left B op - 
modules.) Now, for each idempotent e e B, there is an inclusion 



{*,eBe op ) S (*,eBe) 



-p°P 



Passing to the direct limits gives an isomorphism H* (B) = H* (V B p op ) ■ Then the 
bimodule E induces a map H# (A) — > H# (B) via 

H*(A) ^ R*(T A ) RomAi -' E \ H*(P° P P ) ^> H*(B). 
We shall need the following special case of [28l Corollary 3.5.3]. 

Lemma 1.10. Let A and B be locally unital algebras, and let E, F and G be 

exact, <C-linear functors Va —>■ Vb, fitting into a short exact sequence 

E -> F -> G. 



Then F = E + G as maps H*(A) -> H*(5) 



□ 
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2 Operators on HH„(H(G)) and UC*(H(G)) 



For the rest of the paper, we consider the Hecke algebra H(G) of a reductive 
group G over a p-adic field F. Examples include the general and special lin- 
ear groups GL n (F) and SL n (F). We refer to [31] for the general theory and 
terminology. 

Compact restriction 

Let C1 G0 (G) denote the algebra of locally constant, conjugation-invariant func- 
tions on G, with pointwise multiplication. The precyclic module C(H(G)) is a 
module over Ci°°(G): in degree n, F e C1°°(G) acts on / e H(G n+1 ) by 

(2.1) (Ff)(g ,...,9n) = F(g ---g n )f(g ,...,g n ). 

This action commutes with the face and cyclic operators, and so descends to 
Hochschild and cyclic homology; see [5]. 

Let G c denote the union of the compact subgroups of G. This set is open, 
closed, and conjugation-invariant in G, so its characteristic function 1q c lies in 
C1°°(G). 

Definition 2.2. The idempotent operator l Gc on C(H(G)) will be called com- 
pact restriction. The image of this idempotent on Hochschild and cyclic homol- 
ogy will be denoted by HH Hc (H(G)) c and HC*(%(G)) C , respectively. 

Since the compact-restriction operator is defined at the level of precyclic 
modules, it automatically commutes with the maps in the SBI long exact se- 
quence. Higson and Nistor [2T[ and Schneider [32] have shown that, in fact, 

(2.3) l Gc B = Bl Gc = and l Gc S = Sl Gc = S. 

It follows immediately from these formulas that l Gc acts as the identity on the 
periodic cyclic homology of ~H(G); see [22], [23], [8], [21] and [32] for details and 
historical background. The relations (|2.3[) also imply: 

Lemma 2.4. The inclusion of cochain complexes 

(HH.(«(G))c,0) (RR*(H(G)),BI) 
is a quasi-isomorphism. 

Our reason for repackaging the relations (|2.3[) in this form is to suggest an 
analogy with the Hodge theorem in de Rham cohomology, a theme to which we 
return in Proposition 13 . 1 21 

Proof. The formula Bl Gc = ensures that BI is zero on HH* (TL(G)) C . The 
formula Sl Gc = S implies that I is surjective and B is injective on the comple- 
mentary subspace (id — 1g c ) HH^(7^(G)); therefore this complementary complex 
is acyclic. □ 
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Orbital integrals 

The Hochschild and cyclic homology of the group algebra of a discrete group G 
decompose as direct sums over the set of conjugacy classes in G, and the con- 
tribution of each conjugacy class can be computed by topological methods [S]- 
When G is a reductive p-adic group, there is no analogous direct-sum decompo- 
sition; however, the contribution of individual conjugacy classes to Hochschild 
and cyclic homology can be detected by Blanc and Brylinski's higher orbital 
integrals, whose definition we now recall. Details can be found in [5]. 

A semisimplc element of G is called regular if its centraliser in G is a torus. 
The set G reg of regular semisimple elements is open in G. Consider the precyclic 
vector subspace C(H(G)) Icg c C{U(G)) defined by C n (H(G)) rcg := H(G^+ 1 ), 
where 

(2.5) G^ 1 == {(go, • ■ .,<?„) e G" +1 \g Q -->g n e G rcg }. 

The homology groups of G(%(G)) reg will be denoted H*(%(G)) reg . The al- 
gebra CI (G reg ) of locally constant, Adc-invariant functions on G reg acts on 
C(H(G)) leg by (|2.1I) . and this action descends to Hochschild and cyclic homol- 
ogy. The maps induced in homology by the inclusion G( - H(G)) rcg C{'H{G)) 
are injective. 

Definition 2.6. Let T a G be a maximal torus, and choose a G-invariant 
measure on G/T. Let T rcg := G rcg n T, and then define G(W(T)) reg c C(H(T)) 
as in (I2.5[) . The formula 

If(t ,...,t n )-.= f(gotogi 1 ,gitig2 1 ,---,gntngo 1 d(gn,-.-,g n ) 

J(G/T)»+ 1 

defines a morphism of precyclic modules J : C(H(G)) ICS — * G('H(T)) rog , whose 
induced maps in homology are called higher orbital integrals. The name comes 
from the fact that, in degree zero, I : H(G Ies ) —* %(T rog ) is given by integrating 
over adjoint orbits, as in the usual definition of orbital integrals. Nistor has 
shown how to define higher orbital integrals at non-regular elements: see [30] . 
In this paper, we shall use only the regular orbital integrals defined above. 

Central idempotents 

Recall that the Bernstein centre 3(G) of G is the algebra of endomorphisms 
of the identity functor on Mod(G); equivalently, 3(G) is the algebra of H(G)- 
bimodule endomorphisms of H(G) [4]. Each idempotent E in 3(G) may be 
viewed as a functor V » EV on the category Mod(G). This functor preserves 
the subcategory of finitely generated projective modules, so it induces an idem- 
potent endomorphism of the precyclic module C{Vg)- The induced action in 
homology is equal to the one induced by E as an algebra endomorphism of 
H(G). 
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Jacquet functors 

Let M be a Levi component of a parabolic subgroup P of G, with unipotent 
radical N. For example, P might be the subgroup of upper-triangular matrices 
in G = SL n (Q p ), in which case N is the subgroup of upper-triangular matrices 
with Is on the diagonal, and a natural choice for M is the subgroup of diagonal 
matrices. 

We let i^j and r^ f denote the functors of normalised parabolic induction and 
Jacquet restriction along P. So, for smooth representations M — » GL(VF) and 
G — ► GL(V) of M and G respectively, we have 

— 1/2 1 

f(mng) = S P (m)mf(g) for m e M, n e N> , 
on which G acts by right translation; and 

r M<y) =Vn = y/span{u - nv \ v e V, neN}, 

on which M acts by m (v + span{u — nv}) := \8p 2 {m)mv^ +span{«— nv}. Here 

5p denotes the modular function of P, characterised by d(pq) = 5{q)dp for any 
left Haar measure dp on P. 

Note that these functors depend on the choice of P. Having chosen P, we 
write and r^ f for the Jacquet functors associated to the opposite parabolic 
P. Then r^ is left-adjoint to i^ (Frobenius reciprocity), and right-adjoint to 
(Bernstein's Second Adjoint theorem [S]). The Jacquet functors are exact, and 
preserve the subcategories of finitely generated projective modules. Therefore: 

Corollary 2.7. The Jacquet functors induce canonical maps 

r G r G 

R*(H(G) U 1 L H,(tt(M)) 

in Hochschild and cyclic homology, compatible with SBI sequences. □ 

The following result of Bernstein and Zelevinsky describes the composition 
of these maps. 

Theorem 2.8. Let P = MN and Q = LU be parabolic subgroups of G, with re- 
spective Levi factors M and L, and unipotent radicals N and U . Let W cz G be 
a set of representatives for the double-coset space Q\G/P. For each w e W , con- 
sider the functor rj^ nAd i , N s of Jacquet restriction along the parabolic subgroup 
MnAd w -i(Q) cz M; thefunctorw : Mod(MnAd tu -i(i)) -> Mod(Ad w (M)nL) 
of conjugation by w; and the functor iAd„(M)nL of parabolic induction along 
Kd w {P) n L. One has 

r G-G _ y -L M 
1 L 1 M— 2-1 1 Ad ul (M)nL u,r MnAd (J _i(i) 
weW 

as maps H*(W(M)) ^ H*(H(L)). 



l constant 
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Proof. [7J Theorem 5.2] shows that the functor r^ has a filtration whose 
successive quotients are the functors ij±d m ( M )nL w r MnAd i(£V Lemma [l. 101 
implies that this filtration becomes a sum in homology. □ 

Characters of admissible representations 

Let X be a complex afiine algebraic variety, with coordinate algebra O(X). 
We write Vx instead of Vo(x) f° r the category of finitely generated projective 
C(X)-modules. Recall the following definition from 4j 1.16] (see also [3TJ VI. 8]). 

Definition 2.9. A (G, X) -module is a "H(G)-0(A)-bimodule which is flat over 
O(X). Such a module V is called admissible if, for each compact open subgroup 
K a G, the space of iif-invariants V K is finitely generated over O(X). 

Note that, since O(X) is Noetherian and V K is flat, V is automatically pro- 
jective if it is finitely generated. 

Examples 2.10. (1) A (G, point)-module is just a smooth representation of 
G, and admissibility has its usual meaning: V is admissible if and only if every 
V K is finite-dimensional. Equivalently, V is admissible if and only if every 
/ e Tl(G) has finite rank as an operator on V. 

(2) Consider the complex torus of unramified characters of G [H 1.14]. 
The action of G on C(* G ) given by (gf)(ip) = 4>{g)f(4>) turns 0(^ G ) into an 
admissible (G, 'PcO-module. More generally, for each admissible representation 
7r of G, the space 0(^g) ®C tt of unramified twists of ir is an admissible (G, X)- 
module. 

(3) Let M be a Levi factor of some parabolic subgroup of G. The definition 
of the Jacquet functors i^ and r^ extends in an obvious way to (G,X)- and 
(M, V)-modules; just as in the case X = point, these functors preserve ad- 
missibility. Modules of the form ifj (0(^>m) ®c n), where n is an irreducible 
supercusidal representation of M, play a prominent role in the representation 
theory of G: they are projective generators for the Bernstein components of 
Mod(G) (see 0]). 

Let V be an admissible (G, A)-module, and let e e T~l(G) be an idempotent. 
There is a compact open subgroup K cz G such that e ^ ex, ex being the 
normalised characteristic function of K. Then eV, as a direct-summand of 
exV = V K , is finitely generated and projective over 0{X). Thus the functor 
Home ( _ , V) induces maps in Hochschild and cyclic homology, as in Example 

EE 2 )- 

Definition 2.11. The character of the admissible (G, A)-module V is the map 

chy :H*(H(G)) — H*(0(JQ) 
induced by the functor Homc(_ , V). 
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We shall now develop some elementary properties of these "higher charac- 
ters" . First, taking X = point, we recover the usual definition of the character 
of an admissible representation: 

Lemma 2.12. Let V be an admissible (G, point) -module. The character 
chy : HH (H(G)) HH (©(point)) s C 

sends the class of f e H(G) to Trace ( V — » V 



Proof. Fix / e H(G), and let K cz G be a compact open subgroup such that 
/ = exfeK- The composition 

HHo(«(G)) - HH (P G ) HomG( ~' y) > HH (P° P ) 

sends (the class of) / to (the class of) the endomorphism V K — » V K . The 
isomorphism HH (Pc P ) = HH (C) s C sends this class to Trace (v K ^> V K ^j , 
which is equal to the trace of / acting on all of V because / = ex fen- □ 

We next show that taking characters commutes with base-change. Let cp : 
Y — » X be a regular morphism of affine varieties. The pull-back map ip* : 
O(X) — > 0(Y) is a morphism of algebras, and so induces a map H*(0(X)) — > 

h„(o(y)). 

Lemma 2.13. IfV is an admissible (G,X) -module, then ip*V := V®qi k x)0{Y) 
is an admissible (G,Y) -module, and the diagram 

H*(H(G)) " 




commutes. 

Proof. For each P e P G and each V e Mod(G), there is a natural isomorphism 
Hom G (P, V") S P* ® W(G) 7, where P* := Hom G (P, %(G)); the proof is exactly 
as in the case of unital algebras, for which see [23 Proposition 4.2]. Therefore, 
associativity of tensor products ensures that the diagram of functors 

Hom G ( ,V) „ 




Hohig( _ ,ip*V) 



is commutative. Thus the induced diagram in homology is also commutative. 

□ 
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For example, if V is an admissible (G, X)-module, then the fibre V x ■■= 
V (8)000 ®( x ) over each point x e X is an admissible representation of G. For 
each / e %{G), the degree-zero character chy(/) e HH (O(X)) = 0{X) is the 
function 

ch y (/) : x hh. Trace (V x • 

Lemma 2.14. Given a short exact sequence — » Vi — ► Vi — > V3 — » of 
admissible (G, X) -modules, one has an equality chy 2 = chyi + chy 3 of maps 
H t (K(G))-H,(0(I)). 

Proof. The functors HomG ( - ' Vl \ p x are exac t, since every short exact 
sequence of projectives splits. Projectivity also ensures that 

Hom G (P, V 3 ) - Hom G (P, V 2 ) - Hom G (P, ^) 

is exact in Vx for each P e Va- Thus Lemma \1 . 101 applies. □ 

The next result shows that the relation between characters, Jacquet functors, 
and central idempotents is as expected. Let M be a Levi factor of a parabolic 
subgroup of G. 

Proposition 2.15. (1) For each admissible (M, X)-module W, and each ad- 
missible (G, X)-module V, the diagrams 



ch.( 



H*(W(G)) 



H*(W(M)) 
are commutative. 



•H*(0(X)) and H»(«(G)) 



•H*(0(X)) 



chy 




H*(W(M)) 



(2) For eac/i idempotent E e 3(G), and eac/i admissible (G, X)-module V, one 
has ch v E = diEv as maps H*(H(G)) — H*(0(X)). 

Proof. (1) The associated diagrams of functors 



7>g 



Hom G (_4W) 



0(1) 



Hom G (_,V) 

and V G *- V (x) 



Hom«(_,H') 



Homjv, ( _ ,r G V) 



V M 



V M 



commute up to natural isomorphism: the first by Frobenius reciprocity, the 
second by the Second Adjoint theorem. 

(2) For each P e Vg one has Homc(i?P, V) = HomG (P, E V) , naturally in 
P. □ 
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3 Comparing geometric and spectral operators 



Tori 

Let T be a torus over F, with maximal compact subgroup T°. The quotient 
T/T° is a free abelian group, and the dual group 

* T = {tp e Hom(T,C x ) | T° c ken/*} 

of unramified characters is a complex algebraic torus. The Hochschild homology 
of H(T) is given by 

(3.1) HH*(H(T)) =s n*[*T], 

IrrT° 

where Irr T° is the (countable) set of isomorphism classes of smooth irreducible 
representations of T° . See [HI Proposition 4.7] for details and for the corre- 
sponding description of cyclic homology. 

The minimal idempotents E e 3(T) are parametrised by IrrT ; the idempo- 
tent E a associated to an irreducible a e IrrT acts by projecting HH* (W(T)) 
onto the corresponding copy of f2*[\f r :r] in (|3.ip . This projection may also be 
described as the character of the admissible (T, \l/T)-module 0(^t) ®c 

The compact-restriction operator 1t c , on the other hand, acts on each sum- 
mand ft* [*S?t], a s follows. Choose a basis for the lattice T/T°, and let z\, . . . , z r 
be the corresponding coordinates on the complex torus vpy. Then f2*[^ T ] 
is spanned by elements of the form fdz^ ■ ■ ■ dz in , where / is a monomial in 
Z\, . . . , z r . Let 7r : 17* [^t] —* ^1*[9t] be the linear map defined by 



(3.2) n(fdzi t ■ ■ ■ dz in ) 




otherwise. 



(Upon restricting elements of to the real torus \zi\ = ... = \z r \ = 1, 

the map ir becomes the orthogonal projection onto the harmonic forms.) The 
compact-restriction operator 1t c on HH^T^T)) is given by applying 7r to each 
copy of f2*[4 , T] in (13.11) . Note that 1t c commutes with the central idempotents 
E a ; in fact, this commutation holds already at the level of precyclic modules. 



Jacquet restriction, compact restriction, and orbital integrals 

Let P = MN be a parabolic subgroup of the reductive group G, and let r = if.j 
be the corresponding Jacquet restriction functor. We choose and hx a compact 
open subgroup K cz G such that G = NMK. Writing K M for K n M, and 
Kjy for K n N, we normalise the Haar measures on M, iV and K so that 
vol_ff(^) = voIju^m) = vo\n{Kn) = 1. With these choices, we have 

(3.3) f(g)dg= f(nmk)5p(m)dndmdk 

JG JK JM JN 

for each / e %{G). 
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Proposition 3.4. The map r : H*(%(G)) — > H*('H(M)) is the one induced by 
the map of precyclic modules $ : 7i{G q+1 ) — > H(M q+ ), 

^(f)(m Q , . . . ,m q ) = 

4Vo-™,)f f /ww nfW)** 

where n = (no, . . . , n 9 ) and k = (ko, . . . , fc 9 ). 

Remarks 3.5. (1) The map $ appears in [3D], under the name inf^indp. 
Nistor proposes that this map be considered an analogue, in Hochschild homol- 
ogy, of the Jacquet functor r. Proposition 13.41 makes this analogy precise. 

(2) In degree zero, $ is sometimes called the "Harish-Chandra transform". 
Van Dijk proves in [33] that for each admissible representation V of M, one has 
chjc v = chy $ as maps HHo(H(G)) — » C. Since characters separate points in 
degree-zero Hochschild homology ([21]); van Dijk's result combined with Propo- 
sition [OS] establishes Proposition 13.41 in degree zero. 

Proof of Proposition \3.4\ Let f <g> • • • ® f q e H(G)® (9+1 \ and find a compact, 
open, normal subgroup J ^ K such that each is J-bi-invariant. Right- 
convolution by fi defines an endomorphism of the finitely generated, projective, 
left G-module H(G/J). Integration over N gives an isomorphism r (H(G/J)) -=» 
n(N\G/J), with M acting on H(N\G/J) by 

(mf)(NgJ) := 8 p ll2 {7n)f(Nm- 1 gJ). 

To lighten the notation, we will write R ■= %{N\G/J). 
Applying the functor r to the endomorphisms fi gives 

r(/0 e End M (i?), i(f t )(f)(NgJ) = f f {N ghJ) hQi' 1 ) dh. 

JG 

Our goal is to show that the isomorphism H^Pm) H g (H(M)) sends the class 
of r(/ ) ® • • • ® r(/,) e C g (P M ) to the class of $(/„ ® • • • ® /,) e C q {U{M)). 

Adapting McCarthy's construction of the isomorphism tp to the locally uni- 
tal setting, one finds that <p(r(/ ) ® ■ • • (x) r(/ g )) may be described as follows. 
Find an idempotent e e H(M) such that R = H(M)eR. Then find on e 
HomM(fi, H(M)e) and /3j £ Homjf ('H(M)e, R) (for i ranging over some finite 
set), such that = id^; this is possible because R is finitely generated 

and projective. We then have 

p(r(/o)®---®r(/ 9 )) = 
(3-6) ^ aij r (/ ) fto ( e ) (x) ■ • ■ ® a ig r(/^ 1 )/3 lg _ 1 (e) ® a 4o r(/,)/3, a (e), 

(•to, •••,%) 

the equality holding in YL q (H{M)). (See [H Proof of 2.4.3].) 
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The Iwasawa decomposition G = NM K ensures that the module R is gen- 
erated over H(M) by the finite-dimensional subspace S ■■= H(K n\K / 'J) of func- 
tions supported on NK . Choose a compact, open subgroup L c Km which acts 
trivially on S, and let e = e H(M) be the normalised characteristic function 
of L. It is immediate from our choices that R = H(Al)eR. 

Choose representatives Ki , . . . , Kd e K for the double-coset space Kjy\K/J, 
and for each i let \i 6 & denote the characteristic function of K^^iJ ■ Define 
M-equivariant maps ctj and ft by 

a % : R -> H{M)e, aj(m) ■■= Sp /2 (m)f(NmKiJ), 

ft : H(M)e ->• R, Pif(NmkJ) := 8p 1,2 {m) \ /(mOx l (r 1 fc) d/. 
For each / e R, 

d r- 

2 /3 iai (f)(NmkJ) = J] f{NmlKiJ) X i{l- l k) dl 

i = l i 

= f{NmkJ)\ Yxiir^dl 
JK M • 

= f(NmkJ). 

The second equality holds because Z _1 fc e K^KiJ /k^ e K^kJ =^> NmlniJ = 
NmkJ. The third equality holds because ^ is identically 1 on if, and 
vol(X M ) = 1. 

The function e e 7i{M) is supported on Km, and satisfies e * \i — Xi f° r 
each «. It follows that 
(3.7) 

Xi(mk) if me K M , 



ft(e)(iVTOfcJ) = 6 p 1/2 (m) f e(m/)xi(r 1 fe)d/ 



otherwise. 
A straightforward computation combining fl3.3[) and (|3.7[) shows that 

[a, r(/)ft](e)(m) = 5p 2 (m) volx {Kn^i J) f(n~ 1 nmKj)dn 

JN 

for all / e n(J\G/J) and to e M. 

Finally, writing Vi ■= volxiK^KiJ), we have 

— 1/2 

<5 p (m ■ ■ ■ m q )$(f <8> ■ ■ ■ ® f q )(m , . . . ,m q ) 

,. . , JAT9 + 1 

(tO ).'•)*«) 

= 2 [ a n r (/o)fto]( e )( m o)---[a 4o r (/«)^J( e )( m ?) 

(tO). ••)*«) 

= S p (m ■ ■ ■ m q )ip(i(f ) ® ■ ■ ■ ®r(f q ))(m , . . . ,m q ) 
as required. □ 



1G 



Proposition 13.41 allows us to interpret the following result of Nistor 30, 
Lemma 6.3] in terms of the Jacquet functor r. Recall that C1°°(G) denotes 
the algebra of locally constant functions on G, with pointwise multiplication. 
Restriction of functions gives a map CI 00 (G) — > CI 00 (M) , which we use to view 
C(H(M)), and its homology groups, as modules over Ci°°(G). 

Lemma 3.8. The map r : H*(H(G)) H*(%(M)) is CI* '(G) -linear. 

Proof. For each ip e C1°°(P), m e M and n e N, we have ip(mn) = (p(m). 
Indeed, fix a compact open subgroup U c G such that ^ is constant on mt/; 
then find an element z in the centre of M such that Ad z (n) e [/ (see [TQl Lemma 
6.14] for a construction of such a z). We then have 

(p(mn) = ip(Ad z (mn)) = ip(mAd z (n)) = ip(m). 

With this fact in hand, a simple computation shows that $ is Cl c0 (G)-linear, as 
a map of precyclic modules. □ 

Applying the lemma to the function 1q c e C1 G0 (G), we obtain: 

Corollary 3.9. r l Gc = l Mc r, as maps K*(H(G)) R*(H(M)). □ 

In degree zero, this was previously observed by Dat |17[ Lemme 2.6]. 

The next lemma extends to higher homology a well-known descent formula 
for orbital integrals: see 33, Lemma 9], which is modelled on Harish-Chandra's 
analogous formula [El Lemma 52] for real groups. See also the related result of 
Nistor, [30l Proposition 6.4]. 

Let G, P, M, N, and K, and their Haar measures, be as above, and let 
T be a maximal torus in G that is contained in M. We fix a Haar measure 
on T, and then specify invariant measures on G/T and M/T by da = d,Q/j<dT 
and dM = d M / T d T . Let H*(H(G)) reg , H*(%(M)) reg , and H*(%(T)) reg denote 
the localisations of Hochschild/cyclic homology on G 1Gg , M reg , and T rog , re- 
spectively (see Section [2]). Let Iq : H^('H(G)) TCg — * H*(%(T)) rcg and Im '■ 
H*(TL(M)) Icg — ► H H< ('H(r)) rC g be the higher orbital integrals, as in Definition 
Define a function P) G j M : T reg — > M by 



D G/M (t) ■- 



det(Ad(t) - id) 



where g and m are the respective Lie algebras of G and M, and | _ | is the absolute 
value on F x . The function Dqj m is Adr-invariant, and locally constant on T reg , 
so it induces an endomorphism of H* (TL(T)) reg . 

Lemma 3.10. (1) Jacquet restriction r : H^(T~L(G)) — > H*(H(M)) restricts to 
a map H*(W(G)) reg — K*(H(M)) leg . 

(2) I G = D^jImv^j as maps H*(W(G)) reg H*(W(T)) reg . 
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Proof. Proposition 13.41 reduces part (1) to the assertion that if mn e MN is a 
regular semisimple element of G, then m is a regular semisimple element of M. 
This last statement is true, because (5IJ1 Lemma 22 (i)] implies that there is an 
element v e N such that m = vmnv^ 1 . 

For part (2): As in [331 Lemma 9] and Lemma 5.5], a change of variables 

— 1/2 

shows that the equality la = D g ^' m Im^ holds at the level of precyclic modules. 
The crucial observation is that d/v(nin _1 f _1 ) = | det n (Ad(t) — id)|djv(n) for all 
t e T reg , as shown in [20l Lemma 22 (ii)]. □ 

Proposition 3.11. LetG = SLa(-F) } and let M be the subgroup of diagonal ma- 
trices, considered as a Levi factor of the parabolic subgroup P of upper-triangular 
matrices. 

(1) The map rfj : HH 1 (H(G)) BR x {n{M)) is injective. 

(2) r^ = r^ and i^ = on degree-one Hochschild homology. 

Proof. Results of Blanc and Brylinski imply that the inclusion HHi(H(G)) rcg 
HHi('H(G)) is an isomorphism; and, considering M as a maximal torus in G, 
the orbital integral I : HHi(W(G)) reg -» HHi(%(M)) rcg is injective (see [SJ 
Proposition 6.2]). Lemma [3.101 ensures that the diagram 

HH X (W(G)) — HH 1 (W(Af)) rcg 

id 

HH 1 (H(Af)) rog ER x {H{M)) Teg 
commutes. Both I and DqJ m are injective, so r^ is likewise. Neither I nor 

1/2 

P>qi m depend on the choice of parabolic containing M as a Levi factor, so 

r M = Finally, Theorem 12.81 gives r^ if f = r^T^ = 1 + u>, with u> the 
nontrivial element of the Weyl group of M. Since r^- is injective, we conclude 
that 1^=1^. □ 

Compact restriction and principal-series characters 

Let G be a split reductive group, and let M cz G be a split maximal torus. 
Choose a Borel subgroup P = MN admitting M as a Levi factor. For each 
smooth character a : M — > C x , we consider the admissible (M, ^A^-module 
V,j ~ 0{^ M ) ®c o- of unramified twists of a. Let 7r : fi*[* M ] -» ^*[*m] be 
the projection onto harmonic forms, as defined by (|3.2[) . 

Proposition 3.12. The diagram 

ch,G v 

HH„(W(G)) n*[* A/ ] 



ch 



HH*(H(G)) n*[* M ] 
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is commutative. 

Proof. Each square in the diagram 

HH*(-H(G)) »HH»(W(M)) 



HH*CW(GO) 



HH*(ft(M)) 



chv 



cli v 



commutes: the left-hand square by Corollary 13.91 and the right-hand square 
as explained at the beginning of Section [31 Proposition 12.151 implies that the 
composition of the horizontal arrows is equal to ch ; G v . □ 



Compact restriction, central idempotents, and Clozel's formula 

Dat proves in [TTl Proposition 2.8] that the compact-restriction operator 1q c 
commutes with the idempotents E e 3(G) on the degree-zero Hochschild ho- 
mology of H(G), for every reductive p-adic group G. We conjecture that this 
commutation property holds also in higher homology: 

Conjecture 3.13. Let G be a reductive p-adic group. Compact restriction 1g 
commutes with all idempotents E e 3(G), as operators on the Hochschild and 
cyclic homology ofH(G). 

This conjecture is certainly true when G is a torus, since in that case 1q c and 
E already commute on C(H(G)). The conjecture also holds in the next-simplest 
case: 

Theorem 3.14. Let G = Sl^i* 1 ), F a p-adic field. Compact restriction \q c 
commutes with all idempotents E e 3(G), as operators on the Hochschild and 
cyclic homology ofH{G). 

Proof. Blanc and Brylinski prove in [51 Section 6] that 

I:HH 1 (H(G)) c ^>HCiCH(G)) and S : UC 2 {H{G)) ^ UC {H{G)) C , 

while S : HC„+i(H(G)) ^> HC„_i(H(G)) and HH„(H(G)) = for n Ss 2. The 
operators 1q c and E commute with these isomorphisms, and so given Dat's 
result for degree-zero homology we are left to prove the asserted commutation in 
HHi(H(G)). Let r denote Jacquet restriction to the diagonal subgroup M a G. 
For each idempotent E e 3(G), there is an idempotent Em e 3{M) such that 
i E = Em r as functors [BJ 2.4]. We have 

t(E1g c — ^G C E) = (Em^m c — ^m c Em)^ 

by Corollarv l3.9[ and \m c commutes with Em because M is a torus. Since r is 
injective in degree one (Proposition 13. 1 1|) . we conclude that Ela c = ^g c E on 
HHxCH(G)). □ 
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The same proof applies to HH„(H(G)) for any split group G of rank n. We 
expect that an elaboration of this argument, using the higher orbital integrals 
and Shalika germs of Blanc-Brylinski [8 and Nistor [30 , will apply to the general 
case. 

We shall now outline a different approach to Theorem 13.141 and Conjecture 
13.131 following more closely the proof of Dat in degree zero. Once again let 
G = SL 2 (F), and let M be the diagonal subgroup, viewed as a Levi factor 
of the upper-triangular parabolic P. Let xm e C1°°(M) be the characteristic 
function of the set {m e M \ Sp(m) > 1}. As above we write r for Jacquet 
restriction from G to M, and we also write I for parabolic induction from M to 
G along the parabolic subgroup P of lower-triangular matrices. 

Theorem 3.15. The following is an equality of operators on the Hochschild 
and cyclic homology ofH(G), for G = SL2(F): 



Proof. In degree zero, this is Clozel's formula; see [12], or below. As in the proof 
of Theorem 13.14} the results of [8] leave us to consider degree-one Hochschild 
homology. Corollary [379] and Theorem 12.81 imply that 



with w denoting the automorphism m ^ m _1 of Af. As endomorphisms of 
C('H(M)), w\m = Xm 10 ! where Xm * s ^ ne function m i— » ^ M (m _1 ). Proposition 
13.111 implies that air = r = r in HHi(%(G)), and so 

r 0-Gc + T Xm r) = (l Mc + Xm + Xm) r ■ 

The function 1m c +Xm +Xai 1S identically equal to 1 on M, and so the proposed 
formula becomes a true equality upon applying r to both sides. Since r is 
injective on HHi (%(£?)), the formula itself holds. □ 

We conjecture that Clozel's formula holds in higher homology for all reduc- 
tive groups. More precisely, let G be a reductive p-adic group, and choose a 
minimal parabolic subgroup Pa cz G and a Levi decomposition Pa = MaNa- 
Then each parabolic subgroup P containing Pa has a unique Levi decomposi- 
tion P = MN with Ma <= M. We write M < G to indicate that M is a Levi 
subgroup obtained in this way, and we let i M denote Jacquet restriction along 
P, and let T M denote parabolic induction along the opposite parabolic P. For 
each M ^ G, we let xm ■ M/M° — > {0, 1} be the characteristic function defined 
in [HI pp. 239-240] (where it is denoted xn)- Let M cz cz M denote the union 
of the compact-mod-centre subgroups of M, and let 1m cz 6 C1 C0 (M) denote the 
characteristic function of this set. 

Conjecture 3.16. The following is an equality of operators on H^T^G)): 



1g c + i XM r = id . 



r (1g c + i Xm r) = (1m c + Xm + w\m) r, 
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Remarks 3.17. (1) As Dat points out in [T7], Conjecture 13.161 in degree-zero 
homology is a reformulation of Clozel's formula [HI Proposition 1] (and is there- 
fore true). 

(2) The validity of Conjecture 13 . 161 would imply that of Conjecture 13. 131 Dat's 
proof of this fact in degree zero jTTJ Proposition 2.8] carries over verbatim to 
higher homology. 

(3) Clozel's proof of [12j Proposition 1] relies on a formula of Casselman [ITJ 
Theorem 5.2] for the character of a Jacquet module, which amounts to a deter- 
mination of the map on the regular part of degree-zero Hochschild homology. 
We expect that an explicit description of parabolic induction in higher homology 
will likewise yield a proof of Conjecture 13.161 

(4) There is a natural analogue of Conjecture 13.161 for G an affine Coxeter 
group: the role of the Levi subgroups is played by the isotropy groups of sim- 
plices in the spherical boundary of the affine Coxeter complex, and the Jacquet 
functors are replaced by the usual induction and restriction of representations. 
This version of the conjecture is true, as can be proved using the explicit for- 
mula for induction in Hochschild homology given by Bentzen and Madsen in [H 
Proposition 1.4] (and the obvious extension of this formula to cyclic homology). 

We conclude with an application of Theorem l3.15l regarding the relationship 
between compact restriction and parabolic induction for SL2(i ? ). Dat demon- 
strates in [17, Remarque, p. 77] that these operators do not commute. Never- 
theless: 

Corollary 3.18. Let M be the diagonal subgroup of G = Sl^i* 1 ). The map 
i% : H*CW(M)) H,(W(G)) sends H*(W(M)) C into R*(H(G)) C . 

In other words, parabolic induction restricts to a map in chamber homology. 
This map is investigated in [14]. 

Proof. The assertion is that ilj\/ c = l<3 c ilM c - Theorems 12.81 and 13.151 imply 
that the difference between the two sides is equal to 

iXm^Hmc = TXm(1 + w)l Mc = TxmTMc(1 + w), 
which vanishes because the support of xm is disjoint from M c . □ 
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